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We find a geometrical description from a field theoretical setup based on Wilson’s renormalization
group in real space. We show that renormalization group equations of coupling parameters encode
the metric structure of an emergent curved space, regarded to be an Einstein equation for the
emergent gravity. Self-consistent equations of local order-parameter fields with an emergent metric
turn out to describe low energy dynamics of a strongly coupled field theory, analogous to the Maxwell
equation of the Einstein-Maxwell theory in the AdSd+2/CFTd+1 duality conjecture. We claim that
the AdS3/CFT2 duality may be interpreted as Landau-Ginzburg theory combined with Wilson’s
renormalization group, which introduces vertex corrections into the Landau-Ginzburg theory in the
large−Ns limit, where Ns is the number of fermion flavors.
PACS numbers:
Hertz-Moriya-Millis theory has been a standard theo-
retical framework for non-Fermi liquid physics in metallic
quantum criticality, which may be regarded to be essen-
tially a mean-field theory [1]. However, recent develop-
ments doubt the validity of such a theoretical framework
in a strong coupling regime [2]. Even if an artificial pa-
rameter is introduced to control the expansion, referred
to as a flavor number of fermions, for example, spin de-
generacy Ns, it turns out that a particular class of quan-
tum corrections given by planar diagrams should be in-
corporated in the large−Ns limit, resulting from the exis-
tence of abundant soft modes near a Fermi surface. Sim-
ply speaking, we do not have any theoretical paradigm
for the so called Fermi-surface problem.
AdSd+2/CFTd+1 duality conjecture has been applied
to the problem of quantum criticality [3], hoping that this
machinery takes into account such higher-order quantum
corrections systematically beyond the present field the-
oretical framework [4]. In particular, symmetry proper-
ties and strong correlations may protect the universality
class of such an AdS-liquid state, where fast thermal-
ization is responsible for universal hydrodynamic trans-
port phenomena [5]. Although the AdSd+2/CFTd+1 du-
ality is expected to be Landau-Ginzburg-Wilson theory
for strongly coupled field theories in one-dimensional
higher curved space, it is desirable to reveal the clear
connection between the field theoretical aspect and the
geometrical description. This situation reminds us of
the relationship between Landau Fermi-liquid theory and
Landau-Ginzburg-Wilson theory for phase transitions in
“weakly” correlated electrons, clarified by BCS theory
to reveal the connection between microscopic (fermions)
and macroscopic variables (order parameter bosons) [6].
In this study we find a geometrical description from
a field theoretical setup based on Wilson’s renormaliza-
tion group [7] in real space. In particular, we show
that the additional length scale to form a bulk geom-
etry is identified with the step of the renormalization
group procedure, where the limit of an infinite step corre-
sponds to the infrared (IR) limit. As a result, renormal-
ization group equations of coupling parameters encode
the nature of an emergent curved space that their solu-
tions give an emergent metric to describe. Taking into
account the saddle-point approximation justified in the
large−Ns limit, we find self-consistent equations of lo-
cal order-parameter fields in the emergent curved space,
which describe low energy dynamics of a strongly cou-
pled field theory. Comparing this framework with the
Einstein-Maxwell theory in the AdSd+2/CFTd+1 duality
conjecture [4], we claim that renormalization group equa-
tions of coupling parameters and self-consistent equa-
tions of local order-parameter fields may be identified
with the Einstein equation and the Maxwell equation in
the gravity description, respectively. We demonstrate all
of these aspects explicitly in d = 1, where the Wilson’s
renormalization group procedure in real space is well de-
fined unambiguously. The AdS3/CFT2 duality may be
interpreted as Landau-Ginzburg theory combined with
Wilson’s renormalization group, which introduces ver-
tex corrections into the Landau-Ginzburg theory in the
large−Ns limit.
We focus on a spin chain, described by the Heisenberg
model in (1 + 1)D. Resorting to the “parton” construc-
tion [8] of Si =
1
2f
†
iασαβfiβ , where fiσ is a fermion field
with spin σ at site i, we start from the path-integral rep-
resentation of the Heisenberg spin chain
Z =
∫
Dfiσδ(f
†
iσfiσ −NsS) exp
[
−
∫ β
0
dτ
{∑
i
f †iσ∂τfiσ
+
J
Ns
∑
i
Si · Si+1 + g
∑
i
Hi · Si
}]
. (1)
Here, the constraint of f †iσfiσ = NsS is introduced ex-
plicitly, where Ns and S denote the spin degeneracy and
the size of spin, respectively, Ns = 2 and S = 1/2 in
the case of the Heisenberg model. J is an exchange cou-
pling constant and g is the Lande-g factor. Hi is an
applied magnetic field at site i, assumed to beHi = H zˆ.
β = 1/T is an inverse temperature.
It is natural to decompose the Heisenberg interaction
2into particle-hole and particle-particle channels within
the spin-singlet subspace, Si · Si+1 = −
1
4
(
χˆ†ii+1χˆii+1 +
∆ˆ†ii+1∆ˆii+1
)
, where χˆii+1 = f
†
i+1σfiσ measures the
strength of exchange hopping and ∆ˆii+1 = εσσ′fiσfi+1σ′
with an antisymmetric tensor εσσ′ represents that of sin-
glet pairing [8]. Although these two order parameters
χii+1 = 〈χˆii+1〉 and ∆ii+1 = 〈χˆii+1〉 in the saddle-point
approximation allow us to keep the particle-hole SU(2)
gauge symmetry [9] explicitly, we do not take into ac-
count the pairing order parameter further just for sim-
plicity. One can construct a geometrical description in
the presence of the pairing order parameter, technically
more involved. Later, we comment on this point.
Taking into account the uniform ansatz χii+1 → χ, we
obtain an effective lattice model, essentially “noninter-
acting”, given by
Z =
∫
Dfiσ exp
[
−
∫ β
0
dτ
{∑
i
f †iσ(∂τ + λ+ gσH)fiσ
−
J
Ns
χ
∑
i
(f †iσfi+1σ + f
†
i+1σfiσ)
}
− βL
(
z
J
Ns
χ2
−NsSλ
)]
, (2)
where λi → λ in the uniform ansatz is a Lagrange mul-
tiplier field to impose the single occupancy constraint,
playing the role of a chemical potential in such fermions.
z is the coordination number, here z = 2.
The standard approach is to perform the saddle-point
approximation, determining order parameters and re-
vealing mean-field phases. Based on such a mean-field
phase diagram, one can construct a low-energy effective
field theory in a given mean-field phase and perform a
perturbative renormalization group analysis to figure out
a fixed-point structure near the mean-field phase beyond
the mean-field description. Here, we suggest an approach
beyond this framework, combining the mean-field theory
with the Wilson’s renormalization group framework.
The Wilson’s renormalization group procedure in real
space is as follows. First, we divide lattice fermions into
two species: fermions on odd (−) sites and those on
even (+) sites. Second, performing the path integral for
fermion fields on odd sites, we obtain an effective theory
for fermions on even sites. Third, we rescale the distance
between even sites and accordingly, fermion fields also to
make the effective theory turn back to the original ex-
pression. We repeat this procedure until reaching a fixed
point. Suppose an effective theory in an (n− 1)th step of
the renormalization group procedure, given by
Zn = 2
(n−1)LZ0Z1 · · · Zn−2
∫
Dψ
(n−1)
+iσ Dψ
(n−1)
−iσ
× exp
[
−
∑
iω
{ ′∑
i
ψ
(n−1)†
+iσ µn−1(χ, λ; iω;H)ψ
(n−1)
+iσ
+
′∑
i
ψ
(n−1)†
−iσ µn−1(χ, λ; iω;H)ψ
(n−1)
−iσ
−tn−1(χ, λ; iω;H)
′∑
i
(ψ
(n−1)†
+iσ ψ
(n−1)
−iσ
+ψ
(n−1)†
−iσ ψ
(n−1)
+i+1σ +H.c.)
}
− βL
(
z
J
Ns
χ2 −NsSλ
)]
,
(3)
where the first step has been performed. Zp =
exp
(
LNs/2
∑
iω lnµp(χ, λ; iω;H)
)
is the partition func-
tion in the pth step. The factor of 2(n−1)L appears as a
result of rescaling. ψ
(n−1)
±iσ is a lattice fermion at an even
(+) or odd (−) sublattice of the site i in an (n − 1)th
step.
∑′
i means
∑L/2
i=1 instead of
∑L
i=1.
Performing the path integral for ψ
(n−1)
−iσ , we obtain an
effective theory for ψ
(n−1)
+iσ , given by
Zn = 2
(n−1)LZ0Z1 · · · Zn−2Zn−1∫
Dψ
(n−1)
+iσ exp
[
−
∑
iω
{ ′∑
i
ψ
(n−1)†
+iσ
(
µn−1(χ, λ; iω;H)
−
t2n−1(χ, λ; iω;H)
µn−1(χ, λ; iω;H)
)
ψ
(n−1)
+iσ −
t2n−1(χ, λ; iω;H)
µn−1(χ, λ; iω;H)
×
′∑
i
(
ψ
(n−1)†
+iσ ψ
(n−1)
+i+1σ +H.c.
)}
− βL
(
z
J
Ns
χ2 −NsSλ
)]
.
(4)
Rescaling the lattice and the fermion field accordingly,
we rewrite this effective theory in an original form, given
by
Zn = 2
nLZ0Z1 · · · Zn−2Zn−1∫
Dψ
(n)
iσ exp
[
−
∑
iω
{∑
i
ψ
(n)†
iσ µn(χ, λ; iω;H)ψ
(n)
iσ
−tn(χ, λ; iω;H)
∑
i
(
ψ
(n)†
iσ ψ
(n)
i+1σ +H.c.
)}
−βL
(
z
J
Ns
χ2 −NsSλ
)]
, (5)
where renormalized coupling parameters are given by
µn(χ, λ; iω;H) = µn−1(χ, λ; iω;H)−
t2n−1(χ, λ; iω;H)
µn−1(χ, λ; iω;H)
,
tn(χ, λ; iω;H) =
t2n−1(χ, λ; iω;H)
µn−1(χ, λ; iω;H)
(6)
3with µ0(χ, λ; iω;H) = −iω + λ+ gσH and t0 = −
J
Ns
χ.
Performing the integration of ψ
(n)
iσ , we find an effective
free energy in the nth step of the renormalization group
procedure
Fn(χ, λ;H) = −
Ns/2
β
∑
iω
1
L
∑
k
n∑
p=0
ln
{
µp(χ, λ; iω;H)
+Θ(p− n+ 1)ztp(χ, λ; iω;H)γk
}
+ z
J
Ns
χ2 −NsSλ,
(7)
where the factor 1/2 in Ns/2 is compensated by the σ =
± (spin) summation of the Zeeman term. Minimizing this
effective free energy with respect to order parameters, we
find self-consistent equations for such order parameters
z
J
Ns
χ =
Ns/2
β
∑
iω
1
L
∑
k
n∑
p=0
∂µp(χ,λ;iω;H)
∂χ +Θ(p− n+ 1)zγk
∂tp(χ,λ;iω;H)
∂χ
µp(χ, λ; iω;H) + Θ(p− n+ 1)ztp(χ, λ; iω;H)γk
,
S = −
1/2
β
∑
iω
1
L
∑
k
n∑
p=0
∂µp(χ,λ;iω;H)
∂λ +Θ(p− n+ 1)zγk
∂tp(χ,λ;iω;H)
∂λ
µp(χ, λ; iω;H) + Θ(p− n+ 1)ztp(χ, λ; iω;H)γk
. (8)
An essential point is the emergence of an additional sum-
mation
∑n
p=0 · · ·, representing the step of the renormal-
ization group analysis, where n→∞ corresponds to the
IR limit. We claim that the additional index p encodes
the information of a bulk geometry with renormalization
group equations (6).
In order to make the emergent geome-
try apparent, we perform the continuation of
µn(χ,λ;iω;H)−µn−1(χ,λ;iω;H)
n−(n−1) −→
dµ(χ,λ;iω,r;H)
d(r/a) , where
a is introduced to keep a length scale. Then, Eq. (6)
can be rewritten as follows
dµ(χ, λ; iω, r;H)
d(r/a)
= −
t2(χ, λ; iω, r;H)
µ(χ, λ; iω, r;H)
,
dt(χ, λ; iω, r;H)
d(r/a)
= −t(χ, λ; iω, r;H) +
t2(χ, λ; iω, r;H)
µ(χ, λ; iω, r;H)
.
(9)
It is straightforward to solve these coupled equations.
Considering y(χ, λ; iω, r;H) ≡ t(χ,λ;iω,r;H)µ(χ,λ;iω,r;H) , we obtain
d ln y(χ, λ; iω, r;H)
d(r/a)
= y2(χ, λ; iω, r;H)
+ y(χ, λ; iω, r;H)− 1, (10)
where the solution is given by
exp
(
−
r
a
)
=
(y(χ, λ; iω, r;H)
y0
)y+−y−
×
(y(χ, λ; iω, r;H)− y+
y0 − y+
)y−( y0 − y−
y(χ, λ; iω, r;H)− y−
)y+
(11)
with y0 ≡ y(χ, λ; iω, r = 0;H) =
(J/Ns)χ
iω−λ−gσH and y± =
−1±√5
2 . As a result, we find
µ(χ, λ; iω, r;H) = −(iω − λ− gσH)
× exp
(
−
1
a
∫ r
0
dr′y2(χ, λ; iω, r′;H)
)
,
t(χ, λ; iω, r;H) = −(J/Ns)χ
× exp
(
−
r
a
+
1
a
∫ r
0
dr′y(χ, λ; iω, r′;H)
)
. (12)
The renormalization group equation (10) shows two
unstable fixed points, given by y(χ, λ; iω, r → ∞;H) =
y±, where µ(χ, λ; iω, r → ∞;H) = 0 and t(χ, λ; iω, r →
∞;H)→ ∞ for y+ while µ(χ, λ; iω, r → ∞;H) = 0 and
t(χ, λ; iω, r → ∞;H) = 0 for y−, respectively, and three
stable fixed points, given by y(χ, λ; iω, r → ∞;H) →
±∞ and y(χ, λ; iω, r→∞;H) = 0, where µ(χ, λ; iω, r→
∞;H) = 0 and t(χ, λ; iω, r → ∞;H) → ∞ for +∞, and
µ(χ, λ; iω, r → ∞;H) = 0 and t(χ, λ; iω, r → ∞;H) = 0
for −∞ while µ(χ, λ; iω, r → ∞;H) = µ∗ ≡ −(iω − λ −
gσH) and t(χ, λ; iω, r → ∞;H) = 0 for 0, respectively
[10]. In particular, the last stable fixed point coincides
with the stable fixed point of the Ising model under an
external magnetic field in the real-space renormalization
group approach a la Kadanoff [11].
Inserting these solutions into the effective free energy
in the continuum representation for the additional coor-
4dinate, we obtain
F (χ, λ; Λ;H) = −
1
β
ln
∫
DΨσ(iω, x, r)
× exp
[
−
∑
iω
∫ ∞
−∞
dx
∫ Λ
0
dr
a
e−
1
a
∫
r
0
dr′y2(χ,λ;iω,r′;H)
×Ψ†σ(iω, x, r)
{
−(iω − λ− gσH)−Θ(r/a− Λ + δ)
×z[(iω − λ− gσH)y(χ, λ; iω, r;H)] cos(−i∂x)
}
×Ψσ(iω, x, r)
]
+ z
J
Ns
χ2 −NsSλ, (13)
where δ is an infinitesimal positive constant. It is clear
that the information on the emergent curved space is
encoded into e−
1
a
∫
r
0
dr′y2(χ,λ;iω,r′;H) in
∫ Λ
0
dr
a and the
r−dependent kinetic-energy term with y(χ, λ; iω, r;H).
The limit of Λ→∞ completes the structure of the emer-
gent geometry. We emphasize that this effective free en-
ergy is classical in spite of the presence of the Ψσ(iω, x, r)
integral since the resulting field theory is noninteracting
essentially. Self-consistent equations for order parameter
fields are reformulated with the emergent radial coordi-
nate r from this effective free energy, where the integral
expression for the hopping order parameter χ→ χ(r) of
Eq. (8) can be translated into a differential equation with
respect to r, not shown here. Thermodynamic properties
are formulated as follows: The uniform spin susceptibility
is given by χs(Λ;T ) = −
∂2F (χ,λ;Λ;H)
∂H2
∣∣∣
H→0
, for example.
One can translate this integral expression into a differ-
ential equation for the radial coordinate, referred to as
Callan-Symanzik equation [12].
When both hopping and pairing order parameters are
taken into account, the hopping parameter should be gen-
eralized into the hopping matrix in the Nambu-spinor
basis representation [9]. Then, not only renormaliza-
tion group equations but also self-consistent equations
for order parameter fields are expressed by differential
equations of matrix fields, technically more involved and
challenging.
Formally, it is straightforward to extract out the metric
tensor from this effective free energy. Let us take into
account the renormalization group flow equation
γµνTµν +
n∑
i=1
βi
〈
Oi
〉
= A, (14)
where A denotes an anomaly. The energy-momentum
tensor is given by
Tµν =
{δL[Ψσ(τ, x, r), ∂µΨσ(τ, x, r)]
δ[∂µΨσ(τ, x, r)]
[∂νΨσ(τ, x, r)]
−δµνL[Ψσ(τ, x, r), ∂µΨσ(τ, x, r); τ, x, r]
}
r/a=Λ
. (15)
The β−functions are
βt =
dt[χ(r), λ(r); iω, r;H ]
d(r/a)
∣∣∣∣
r/a=Λ
,
βµ =
dµ[χ(r), λ(r); iω, r;H ]
d(r/a)
∣∣∣∣
r/a=Λ
, (16)
and vacuum expectation values are
〈Ot〉 = z〈Θ(r/a− Λ + δ)Ψ
†
σ(τ, x, r) cos(−i∂x)Ψσ(τ, x, r)〉
= zχ(r)|r/a=Λ,
〈Oµ〉 = 〈Ψ
†
σ(τ, x, r)Ψσ(τ, x, r)〉 = NsS|r/a=Λ. (17)
These information derived from the Wilsonian renormal-
ization group approach at any energy scale r determine
the metric γµν as a function of r. If the theory has no
anomaly, this metric can be easily lifted into a three-
dimensional metric in the normal coordinate [13]
ds2 = dr2 + γµν(r) dx
µdxν . (18)
A cautious person may ask the connection to the mul-
tiscale entanglement renormalization ansatz, in short,
MERA [14], regarded to be one promising direction how
to represent a ground-state wave-function. An essential
aspect in MERA is to construct the ground-state wave-
function through the real-space renormalization group
framework, realized by both disentangler and isometry,
where the disentangler takes into account the unitary
evolution of the system via an interaction Hamiltonian
and the isometry rescales the system to turn it back to
the original system. In order to clarify this connection,
we recall how to express the single-particle wave-function
in the path-integral representation [15]
ψ(xf , tf ) =
∫
DxiG(xf tf ;xiti)ψ(xi, ti)
=
∫
Dxi
∫ xf
xi
Dx(t)e
i
~
∫ tf
ti
dtL[x(t),x˙(t)]ψ(xi, ti),(19)
where ψ(xi, ti) evolves into ψ(xf , tf ) through
G(xf tf ;xiti), given by the path-integral representation.
It is straightforward to generalize this concept into the
case of the many-particle ground-state wave-function
Ψ[Φ(x, tf)] =
∫
DΦ(x, ti)
∫ Φ(x,tf )
Φ(x,ti)
Dψ(x, t)
exp
( i
~
∫ tf
ti
dt
∫
ddxL[ψ(x, t)]
)
Ψ[Φ(x, ti)], (20)
where the ground-state wave-function Ψ[Φ(x, ti)] evolves
into Ψ[Φ(x, tf )] via the many-particle Green’s function
in the path-integral representation, given by
G[Φ(x, tf ); Φ(x, ti)]
=
∫ Φ(x,tf )
Φ(x,ti)
Dψ(x, t) exp
( i
~
∫ tf
ti
dt
∫
ddxL[ψ(x, t)]
)
.
(21)
5The MERA represents this many-body Green’s function,
based on the real-space renormalization group frame-
work. This is exactly what we have performed in the
imaginary-time formulation with ti → 0 and tf → β,
where the disentangler and the isometry correspond to
the integration of − sublattice fermion fields and the
rescaling procedure, respectively, in the path-integral
representation of the partition function.
As the geometrical construction of the entanglement
entropy in the MERA representation has been argued
to resemble the Ryu-Takayanagi formula [16] given by
the area of a minimal surface in the gravity description
[17], it is necessary to evaluate the entanglement entropy
[18] within our formulation in order to verify the struc-
ture of the emergent geometry. We would like to point
out that the way of our construction for the emergent
gravity is rather field theoretic: Given the step of the
renormalization group procedure, identified with the ra-
dial coordinate in the continuation procedure, the par-
tition function with renormalized coupling constants at
such an energy scale appears to encode the geometrical
information through repeating the renormalization group
procedure. One can calculate the entanglement entropy
with renormalized coupling constants at r. This should
be compared with the Ryu-Takayanagi formula [16] in the
geometrical description. This is an urgent future task.
In conclusion, we derived a geometrical description for
strongly coupled field theories in one dimension, combin-
ing the mean-field theory with the Wilson’s real-space
renormalization group analysis. Based on this demon-
stration, we claimed that the AdS3/CFT2 duality con-
jecture may be interpreted as Landau-Ginzburg-Wilson
theory with renormalized interaction vertices, described
by the additional length scale. Unfortunately, it is
not straightforward to generalize the present theoretical
framework into that in higher dimensions than one di-
mension. The reason is quite simple: It is not clear how
to perform the real-space renormalization group analysis
above one dimension since the integration procedure of
“sublattice” fermion fields does not preserve the lattice
structure. In this respect the mathematical structure of
AdSd+2/CFTd+1 duality conjecture still remains unclear
within our approach even if the mean-field theory plus
the real-space renormalization group analysis seems rea-
sonable at least conceptually.
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